Typically we can deliver astrometric positions of natural satellites with errors in the 50-150 mas range. Apparent distances from mutual phenomena, have much smaller errors, less than 10 mas. However, this method can only be applied during the equinox of the planets. We developed a method that can provide accurate astrometric data for natural satellites -the mutual approximations. The method can be applied when any two satellites pass close by each other in the apparent sky plane. The fundamental parameter is the central instant t 0 of the passage when the distances reach a minimum.
INTRODUCTION
The formation of planets occurs in a disk of gas and dust around the protostar. The formation of regular satellites around a giant planet probably occurs in a similar way in a circum-planetary disk around the planet. However, there are different models for this formation in the literature with pros and cons each (Crida & Charnoz 2012) . The orbital evolution of these regular satellites around a giant planet can give us hints about their formation.
The orbital studies of these celestial bodies demand the observation of positions, relative distances or other forms of observables, like central instants and impact parameters in mutual phenomena, over extended period of time to fit them with dynamic models (De Sitter 1928; Lieske 1987; Lainey et al. 2009 ). However, to detect very weak disturbance forces, such as tidal forces, these observables have to be very precise. This high precision usually cannot be attained with classical methods. For example, Jupiter and Saturn's brightness makes it very difficult to obtain enough number of astrometric calibration stars in a CCD frame in order to obtain a good individual position for its main satellites. The classical CCD astrometry of a single satellite furnishes positions with precisions (usually the standard deviation from a set of a few hundreds of images) in the range of 50 to 150 mas (Stone 2001; Kiseleva et al. 2008) . This issue was partially solved using relative positions between two (or more) satellites (Veillet & Ratier 1980; Veiga et al. 1987; Veiga & Vieira-Martins 1994; Harper et al. 1997; Vienne et al. 2001; Peng et al. 2008 ). More recently Peng et al. (2012) achieved relative positions with precision of 30 mas.
Some of these works use the ephemeris of the satellites as a ruler in order to obtain the reference system orientation and scale in the CCD image. Often, one uses the positions of bodies with more precise ephemeris to determine the po-
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sition of another body with a worst ephemeris. An example is the case of Miranda of Uranus, when the ephemeris of the others satellites (mainly Oberon) were used as reference frame in the position reductions (Veillet & Ratier 1980) . Another possibility is the use of the so called precision premium (Peng et al. 2008) , first pointed out by Pascu (1994) . The idea is that the accuracy of the determination of apparent distances is remarkably improved for short apparent distances (less than 85"), as instrumental and astronomical issues tend to affect the images of both satellites in the same way. In principle, we can use the ephemeris distance between two small-separated satellites and the actual observed distance to determine the scale and orientation of the image. This method was mainly used for the Saturnian main satellites (Harper et al. 1997; Vienne et al. 2001 ) and for the Galilean satellites (Peng et al. 2012) .
Another way to obtain very precise relative positions of typically a few mas is with the observation of mutual phenomena. However this can only be done during the equinox of these planets -see for example Assafin et al. (2009); Emelyanov (2009) ; Emelyanov et al. (2011) ; Dias-Oliveira et al. (2013) ; Arlot et al. (2014) . Mutual phenomena consist of occultations and eclipses between natural satellites, as seen along the line of sight of an observer. One satellite (or its projected shadow) hides the other causing a drop in the light flux which can be measured with high precision using differential photometry in a small FOV, when astronomical and instrumental systematic errors in the measurements of the targets and calibration sources tend to cancel out. This flux variation is connected to the relative apparent motion of the satellites in the sky, and thus, ultimately, to their orbits. The apparent relative motion between the satellites under mutual phenomena can be described in terms of the instant of minimum apparent distance (central instant of the event), the minimum apparent distance at this instant (impact parameter), and the relative apparent velocity between one satellite (or shadow) and the other (Emelyanov (2003) ; Dias-Oliveira et al. (2013) and references therein). The particular nature of orbital geometry in mutual phenomena offers valuable constrains in the orbital solutions of the satellites (Lainey et al. 2004 ). However, these phenomena can be observed only every 6 years for Jupiter, every 15 years for Saturn and every 42 years for Uranus (Arlot et al. 2012 (Arlot et al. , 2013 (Arlot et al. , 2014 .
Inspired in the mutual phenomena and based in the same orbital geometry, we propose the observation of what we call mutual approximations between natural satellites in order to obtain the central instant when the apparent distance between two satellites reaches a minimum.
In mutual approximations the bodies only approach each other in the sky plane at adequate, not too short, distances -we actually avoid occultations, we wish to be able to measure the satellites separately. Similarly to the geometric parameters of mutual phenomena, we can also determine the impact parameter and the relative velocity, but, in this case, only in pixel units. For orbit fitting, these supplementary parameters can only be useful if we can accurately convert the distances from pixels to arc seconds using a standard reference frame, like an astrometric star catalogue representative of the ICRS. However, this is frequently not the case, as usually an insufficient number of reference stars is available in the FOV, for two reasons: short FOV and/or short exposure times to avoid saturation of the satellite images and light scatter from the central planet. One way to overcome this problem is to observe a crowded star field nearby and determine the pixel scale to be used. Another alternative is to use an ephemeris of the pair of satellites as the reference frame. But, by doing that we scale the observed impact parameter and the relative velocity to the used ephemeris, so no trully independent new results are really obtained, although they may serve to check parameters for internal consistency (see more details and computations in this respect in Section 3).
In fact, Arlot et al. (1982) were the first to suggest such astrometric approach. Also, Mason et al. (1999) reported observations which they called "close pairings" of the Galilean moons with a speckle interferometer mounted on the 26-inch refractor at the Naval Observatory in Washington, DC. But no further references, results or studies in this subject were published in the literature to our knowledge.
We give in this paper a complete description of the method of mutual approximations and present the results of its application to an observational campaign of mutual approximations for the Galilean moons carried out in 2014-2015. Our observations were made with the 0.6 m Zeiss telescope of the Observatório do Pico dos Dias (OPD, Brazil) with a narrow-band methane filter centred at 889 nm with width of 15 nm that attenuates Jupiter's scattered light.
The paper is arranged as follows. In Section 2, we describe the theoretical model of relative motion for the mutual approximations and how to obtain the central instant of the event. In Section 3 we show also how to compute the impact parameter and relative velocity. In Section 4 we discuss what astronomical effects like solar phase-angle, atmospheric refraction and aberration could cause an offset in the raw measured central instant. In Section 5 we detail the observational campaign of the mutual approximations for the Galilean satellites, the measurement of the images and our results. In Section 6 we compare the results from mutual approximations and mutual phenomena simultaneously observed during the mutual phenomena campaign of 2009. For future comparisons, we also give the results of the approximations observed during the 2014-2015 equinox of Jupiter. Discussion and conclusions are presented in Section 7.
APPARENT RELATIVE MOTION OF SATELLITES IN MUTUAL APPROXIMATIONS. DETERMINATION OF THE CENTRAL INSTANT
We set here a geometric model that describes the variation with time of the apparent distance d in the plane of the sky between two satellites for a short arc of their orbits, typical of mutual approximations. We assume that there is no strong deformation from the telescope optics on the images. A simple description by a polynomial in t of arbitrary degree n (typically n = 4) is obtained using d 2 . In mutual approximations, d always reaches a minimum and the polynomial curve will present a positive concavity.
The same geometric parameters that describe mutual phenomena also describe mutual approximations, i.e. central instant, impact parameter and relative velocity. Notice however that only the central instant can be determined in-dependently of any reference frame, even without the knowledge of the pixel scale of the images. But astronomical corrections such as refraction, aberration and solar phase angle must be taken into account (see Sect. 4). However, if one does want to get all the parameters, one needs to convert distances from pixels to arcseconds. In this case, the pixel scale must be computed. (see Sect. 3).
The vector distance between the two satellites in the sky plane ∆ r(t) in a specific instant t is:
Assuming that the square of the distance between two satellites in the short arc of their orbits, nearby the central instant of the approximation, can be described as a polinonm of arbitrary power n in time, then, considering (1) we obtain:
where the parameters a0, a1, an are related with the kinematics of the satellites' motion. Using least squares we fit this model with observed distances. Alternatively, we can fit ephemeris' apparent distances to study the event and even for testing the most adequate polynomial power to use in the fitting.
The central instant t0 of the mutual approximation is obtained when the first time derivative of equation (2) is set equal to zero.
The central instant t0 comes from the determination of the root of Eq. (3). Using an interactive process we determine the central instant, subtract it in t and then redo the adjustment in order to set t0 = 0. The central instant error comes from around-zero derivative of Eq. (3) as a function of the error of the other coefficients, computed in the least squares fit. This error is given by Eq. (4):
Note that the numerator of Eq. (4) relates to the observed distance errors, thus it reflects as expected the noise in the observed apparent distance curve, related with the atmospheric conditions of the night. The error of the central instant is also dependent on the curve concavity related to a2, which in turn is dominated by the relative velocity. A smaller central instant error is expected from a more pronounced minimum which comes from larger a2 values, or higher relative velocities.
In practice the observational procedure in mutual approximations consists in observing a number of images, an hour before and after a central instant foreseen from an ephemeris. We then measure the apparent distances and, with the help of any ephemeris, apply corrections due to solar phase angle, refraction and aberration that could shift the distances in a way that could offset the central instant (see Sect. 4). The instant errors can be translated from seconds of time to mas or km by using the relative velocity and distance to the observer given by an ephemeris. In Section 3 we describe the procedure in the case that one wants to get the complete set of parameters, that is the impact parameter and relative velocity too, in the same fashion as in mutual phenomena.
How well does the model of apparent relative motion introduced here really describe the actual relative apparent path between two real satellites in a mutual approximation? Considering that the Galilean moons of Jupiter are amongst the most studied dynamical systems, and taking their most precise ephemeris up to date as representative of their real paths in the sky, we addressed this question by fitting our model directly to apparent distances computed from their ephemeris. In this work all events were well fitted by a fourth degree polynomial.
We chose as an example the approximation between Io and Ganymede at February 19th, 2014. The ephemeris used was the NOE-5-2010-GAL provided by IMCCE 1 from Lainey et al. (2009) . In the Figure 1 we computed the apparent distances from the ephemeris and fitted them with a fourth degree polynomial. The comparison between the fitted (green line) and ephemeris (black dots) apparent distances. The residual dispersion is also illustrated in the bottom (red crosses), in the sense model minus ephemeris. The time resolution of the ephemeris was one second.
As seen in Figure 1 , our model fits quite well the satellite ephemeris. The residual of the adjustment stays in 1 mas, corresponding to the numerical limit of extracted ephemeris positions, here truncated for computational purposes (notice that the actual ephemeris precision is worse than this). In Figure 2 we illustrate the discrepancy between the value for the central instant in mas obtained using different polynomial models in time for d 2 . Models with power less than the fourth degree give incomplete descriptions of the satellite's relative motion. We show that after the fourth degree there is no significant improvement in the precision or accuracy of the model, for this example. Others tests showed similar results.
OBTAINING THE IMPACT PARAMETER AND RELATIVE VELOCITY IN MUTUAL APPROXIMATION
Although the determination of the central instant comes from fits to the raw measured apparent distances given in pixel units (see Sect. 2), the UTC time is recorded in the observations with a GPS system or precise internet timing. Thus, the central instant derived in UTC is the only truly independent parameter obtained in mutual approximations without regard to any reference frame, be it a star catalogue or an ephemeris. For this reason, the central instant is the main parameter derived from the mutual approximations. The impact parameter and relative velocity are also derived from fits to the observed apparent distances, but in this case they share the same metric. Thus, these parameters can only be obtained in standard units if the observed distances are also given in standard metrics, such as arcseconds. A conversion from pixels to arcseconds must be made. This can only be accomplished with the use of a reference frame.
Notice that if we use a star catalogue as reference frame, the obtained impact parameter and relative velocity are independent from any ephemeris. In this case, like in mutual phenomena, they may be as useful as the central instant in orbit fit work. This is possible if we have enough catalogue reference stars and can make the right ascension and declination reduction of the FOV. If this is not the case, we can alternatively reduce a nearby field with a sufficient number of reference stars and use the derived pixel scale in the FOV of the satellites to compute the observed distances. Unfortunately, this is rarely the case of Jupiter and Saturn. They are currently crossing a sky path with few stars. Besides, due to the brightness of their main moons and their proximity to the planet, the very short exposure times used prevent the imaging of reference stars. But Uranus may be a good and promising example for the use of this procedure.
We can also use an ephemeris to obtain the pixel scale, see Peng et al. (2008) . This is very useful when we have no reference stars, or even when only the two satellites are available in the FOV. This is frequently the case of the observations of Jupiter and Saturn moons. The drawback is that the observed distances are scaled according to the ephemeris frame, so that the impact parameter and the relative velocity will be dependent of the used ephemeris to some extent, and may be not useful in orbital works. Even so, it is always a good practical procedure to compute the impact parameter and relative velocity using the ephemeris as reference, for it serves as an extra checking procedure of the results. For this reason, we describe this procedure in Sect. 3.2.
Modelling the impact parameter and relative velocity
Since the observed satellites images are affected by solar phase angle, aberration and refraction, these effects are taken into account prior to fitting the observed distances with the topocentric ephemeris ones (see Sect. 4). From Eq. (2), when t0 = 0, we see that the minimum distance between the satellites, the impact parameters d0 of the approximation, will be related with a0 in the form of
and the incertitude of this parameter is
The relative velocity is determined as follows: Using two consecutives images we determine the instantaneous variation of the relative position in x and y in the CCD frame. With the acurate time of each image we can determine the relative instantaneous velocity between both frames. Then we fit a linear function in the velocity curve in time obtained with all the images. The relative velocity of interest is the one for the central instant t0 and its error is obtained from the linear fit.
Notice that, from our fit, these parameters are in pixel units and pixels per second. The conversion to arcsecond units is explained in the following Section.
Determining the pixel scale
Knowing from an ephemeris the theoretical apparent distances between the satellites (∆α cos δ, ∆δ) in arcseconds, affected by solar phase angle, aberration and atmospheric refraction, and the instrumental distances (∆x, ∆y) in pixels, makes it possible to obtain the pixel scale. Notice that we projected the ephemeris on the tangent plane using the gnomonic projection, so that the standard coordinates (X,Y) are used in the computation of the pixel scale.
We compute the pixel scale Ps as the slope of a linear function fitted to the ratio between the ephemeris distances de and instrumental distances do (Eq. 7).
Figure 3 illustrates the variation of the pixel scale overnight for the mutual approximation between Io and Ganymede which occurred at February, 19th, 2014 . For illustration, in this example we computed an error of 0.9 mas.pixel −1 for the pixel scale. For comparison, we determined all the parameters of a mutual approximation, central instant, impact parameter, relative velocity and the pixel-scale using two different ephemeris. We chose the NOE-5-2010-GAl provided by IM-CCE from Lainey et al. (2009) and the JPL 2 ephemeris, jup310, for this analysis. The results and errors are displayed in Table 1 for the approximation between Io and Ganymede of February, 19th of 2014. Other examples showed similar results.
Notice that the values for the observational parameters are consistent and almost independent of the ephemeris utilized.
ASTRONOMICAL CORRECTIONS
Astronomical effects such as the solar phase angle, the atmospheric refraction and aberration affect the apparent distance between the satellites. They must be taken into account when we want to obtain all the parameters, including the impact parameter and relative velocity, as described in Sect 3. But which of these effects can actually offset the central instant in a mutual approximation? And to what typical amounts? We address these question in this Section. In the case of the solar phase angle, the photocentre of a satellite in an image is shifted relative to its geometric center, the center of mass, due the solar phase angle. According to Lindegren (1977) a spherical object with a light scattering in its surface causes an offset in its positions according to Equations (8) where i is the solar phase angle, r is the apparent radius of the satellite, Q is the position angle of the sub-solar point in the tangential plane and C(i) is a parameter related to the reflectance model adopted.
Here we adopted the Lambertian sphere modelling (Lindegren 1977) . But since the satellites' radii may be different, and considering that the direction of the Sun and of the relative motion may not coincide, the relative distances of the photo and geometric centres may vary differently, so that the associated central instants may be different too, causing an offsset in the observed central instant which is associated to the photo and not to the geometric center. For example, in the case of the Galilean moons, for an approximation with a phase angle of 10 degrees the central instant can be shifted by up to 6 seconds, a significant value.
The atmospheric refraction causes a shift in the target position towards the zenith direction that increases at higher zenital distances. However, once both satellites have almost the same zenital distance and very close positions in an approximation it has a small, but non-negligible effect in the distances and in the central instant (less than 2 seconds for z ≈ 70 o ). More details about its implementation can be found in Stone (1996) .
The aberration causes a position shift toward the direction of the instantaneous velocity vector of the observer (Green 1985) . Due to the small apparent distance between satellites, the effect is very small in the central instant, less than 0.0005 seconds for diurnal aberration and 0.0145 seconds for annual aberration. Inter-satellite apparent sky distances of the Galilean satellites over a week. I stands for Io, E for Europe, G for Ganymede and C for Callisto. Every minima in this graphic is a mutual approximation between two satellites. We used the NOE-5-2010-GAL ephemeris obtained in its topocentric form for OPD.
MUTUAL APPROXIMATIONS OF GALILEAN SATELLITES: RESULTS OF THE CAMPAIGN OF 2014-2015

Programme
The accurate prediction of mutual phenomena depends on how precise the ephemeris is and upon our knowledge of the size of the satellites. In the absence of one of these conditions, we may miss an event foreseen to be visible at a certain location. None of these conditions matter in our case. One can easily predict mutual approximations, even using poor ephemeris with precision in the arcsecond level only. By setting a threshold value of at least some arcseconds, we avoid selecting possible mutual occultations or situations where the apparent distances between the satellites are too small for centroid measurement purposes. The observational campaign for the mutual approximations between the Galilean satellites was carried out in Brazil between 2014 and 2015. The predictions for these events were made with the topocentric ephemeris for the OPD observatory using the NAIF SPICE 3 platform, ephemeris NOE-5-2010-GAL, derived from Lainey et al. (2009) , and DE430. Figure 4 plots the inter-satellite apparent distances, in arcseconds, over a week for the six possibles combinations between these satellites. Every minima is a mutual approximation. However, in order to not pick up a prohibitive number of events, we only selected the approximations for which the impact parameter was smaller than 30 arcseconds, improving even further the precision premium.
We selected all the visible events for the OPD observatory with elevation above 20 degrees and with a distance to the Jupiter's limb greater than 10 arcseconds. The predictions were spread in 58 nights, with 65 approximations, selected in fifteen months between 2014 and 2015. We at- tempted observations for all these events. From these, only 36 events could be observed with success, the others were lost due to bad weather conditions.
Observations
Our observations were made at Observatório do Pico dos Dias (OPD, IAU code 874) 4 located at geographical longitude −45 o 34 57 , latitude −22 o 32 04 and an altitude of 1864 m. The telescope used was the 0.6 m diameter Zeiss telescope. It is a manual pointing Cassegrain telescope with focal ratio f/12.5.
For all the observations in this work the time, in UTC, was calibrated by a GPS and recorded in the FITS image's header. For observations which the GPS is not an option, a time's calibrator software can be used such as Dimension 4 5 . Tests comparing this software with GPS indicate that the time precision is on the order of 20 ms.
The CCD camera utilized in all observations was the Andor Ikon-L with 2048 x 2048 square pixels of 13.5 µm. This camera added to the Zeiss telescope has a field of view of 12.63' x 12.63'. The filter chosen was the narrow-band filter centered at 889 nm (region of methane absorption), with a width of 15 nm. In this specific wavelength, the methane in Jupiter's upper atmosphere strongly absorb the light causing the planet's albedo to drop to 0.1 in this spectral region as pointed out by Karkoschka (1994 Karkoschka ( , 1998 .
Although the observations in this wavelength are very efficient to eliminate the scattered light from Jupiter, the albedo of the Galilean satellites did not change much (Karkoschka 1994) . Because of this, the brightness of Jupiter is nearly the same of that of the satellites in this wavelength as can be seen in the Figure 5 .
We summarized the specifications of the telescope, camera and filter utilized in these observations in Table 2 . Table 3 contains the observational characteristics for the 36 nights analysed in this work, where 14 are mutual approximations (See Section 5.4) and 22 are mutual approximation observed from mutual occultations data of the 2014-2015 mutual phenomena campaign (See Section 6.2). We list the mutual approximation targeted, the seeing of the night, the zenithal distance (z0) for the central instant, the solar phase angle (i) and the sub-solar point in the tangential plane (Q). The solar phase angles and the sub-solar point in the tangential plane are the same for both satellites and do not change during the approximation, which lasts typically less than two hours. The observational information about the 5 nights in the 2009 mutual phenomena campaign utilized in this work can be found in Dias-Oliveira et al. (2013) (See Section 6.1).
Photocentre measurement
Firstly, all the images were corrected by bias and flat-field by means of standard procedures using the IRAF 6 package (Butcher & Stevens 1981) . The centroid of the satellites were determined using the PRAIA package described in Assafin et al. (2011) . The PRAIA package measures the satellite coordinates (x, y) in the image with a two-dimensional circular symmetric Gaussian fit within a radius of one Full Width Half Maximum (FWHM = seeing). The typical error in the centroid measurement for our images was 12 mas. Figure 6 is the normalized histogram for the centroid determination error, in mas, for x, y and r = x 2 + y 2 , from all measured images.
Results
We used the model described in Section 2 to determine the central instant t0 of the observed mutual approximations. The current sky path of Jupiter is not crowded of stars. Also, Jupiters brightness made us use a short exposure time and a narrow-band filter. Because of that there was not enough number of reference stars in the images for an usual CCD astrometry. Even so, for evaluation purposes, we also determined the impact parameter d0 and the relative velocity vr following the procedures given in Sect. 3 with the help of an ephemeris.
We separate our results in two different groups. Group 1 contains our best results. It consists of observations made in good sky conditions with no gaps along the event. Group 2 has gaps in the distance curve, which may present more noise than in Group 1 due to poor atmosphere conditions. Some observations in the later group were virtually made during 6 Website: http://iraf.noao.edu/ Note. For each event, we have the day, month and year, the satellites designated by their initials (capital letters), where 'a' stands for approximation. We also give the seeing, the zenithal distance (z 0 ), the solar phase angle (i) and the position angle of the sub-solar point in the tangential plane (Q).
the 2014-2015 Jupiter equinox. Although they were not mutual occultations, the satellites approached each other by very small distances, about 2 arcseconds.
Mutual approximations: Group 1
This campaign started in the beginning of 2014. Since the mutual phenomena started in the middle of the same year, only a few mutual approximations were observed without gaps in the center of the curves due to the apparent proximity of the satellites. The group 1 is composed of 8 events. These approximations are similar to the ones that will be observed after the mutual phenomena campaign, this makes them the focus of this paper.
As an example we display the approximation between Io and Ganymede that occurred in February, 19th of 2014. The comparison between the fitted (green) and observed (black) apparent distances is shown in Figure 7 . The residual dispersion is also illustrated in the bottom (red crosses), in the sense "fitted minus observed".
We show in Table 4 the central instant, in hours, minutes and seconds in UTC and the error in seconds. We also list the error in milliarcseconds by the use of the ephemeris relative velocity in milliarcseconds per second. These values are listed in column Et0. We compared the results with the ephemeris published by the IMCCE, currently considered the most accurate representative for the Jovian system, in the sense "observations minus ephemeris".
The average precision obtained for the central instant is 0.56 seconds or 3.42 mas (using the relative velocity in each event obtained with the ephemeris). 
Mutual approximations: Group 2
A mutual approximation can last a couple of hours. This makes it possible to acquire many observations and fit the model even without the full coverage of the approximation. Logically, these results will not be as good as if we could observe all the event. We have 6 mutual approximations in this group. A natural cause for the random observational gaps in the curves were bad weather or very bad seeing. Two examples can be displayed. One is when the weather prevented the observation of part of the event such as in the approximation between Io and Europa that occurred in February, 07th of 2014. In Figure 8 we show the comparison between the fitted and observed apparent distances. Notice the absence of positions in the left side of the event.
The second example is when the approximation occurred during the mutual phenomena campaign at the planet's equinox. Near the central instant of the approximation, the satellites are so close together that it is impossible to obtain a centroid for each satellite in the images. An example is the approximation between Ganymede and Callisto that occurred in February, 27th of 2015. In Figure  9 we show the comparison between the fitted and observed apparent distances. Notice the absence of positions near the central instant.
We show in Table 5 the central instant for these six approximations, in the same manner as in Table 4 for the Group 1. We also compared the parameters with the IMCCE ephemeris.
The average precision obtained for the central instant is 2.02 seconds or 14.15 mas (using the relative velocity in each event obtained with the ephemeris). Notice that even here the precisions are still much better than those obtained with usual CCD astrometry.
How does the gaps in these distance curves affect the de- termination of the central instant? We addressed this question by simulating gaps in the Group 1 approximations reported in the previous section. As example, we illustrate the simulation using the event between Io and Ganymede in February 19th 2014. Similar conclusions are drawn for the other simulations. The event took 1 hour, thus a 6-minutes gap represents 10% of the entire curve. We explore two scenarios.
(1) Removing points from the beginning, or end, of the curve. This affects the central instant error, even though the central instant value is close (within the errors) to the one obtained with the complete curve ( Figure 10) ; (2) Removing points in the central part of Note. Same as in Table 4 . the curve. The central instant precision and value are nearly unaffected ( Figure 11 ). The offsets are consistent within the errors. These simulations confirm the slight deterioration observed in the errors of the parameters of the incomplete mutual approximations of Group 2, as compared to those from the Group 1. But the simulations also indicate that the obtained central instant are practically unaffected with regard to the ones that would be derived with complete curves, within the errors. Therefore, in principle even incomplete curves of mutual approximations should not be discarded.
Results for the impact parameter and relative velocity
In Table 6 we list the impact parameters and the relative velocity of our 14 mutual approximations. They are listed in milliarcseconds, and milliarcseconds per second, respectively. We also list the comparison of these parameters with the ephemeris in the sense "observations minus ephemeris". Both observed and ephemeris results were obtained by fitting the model of Section 3.1 to the respective observed and ephemeris apparent distances. The pixel scale determined is also listed. The nominal pixel scale of the instrumental set was 0.34 or 0.37 mas per pixel depending of the instrumental configuration of the night. The last column is an identification flag where 1 stands for "Group 1 mutual approximations" and 2 stands for "Group 2 mutual approximations". Notice that, in the near future, a new reduction can be made using more precise ephemeris. This will allow the confirmation of ours results.
MUTUAL OCCULTATIONS INSIDE MUTUAL APPROXIMATIONS
Mutual approximations and mutual phenomena -occultations in particular -share the same concepts of orbital geometry, though based in very distinct measuring techniques, with the last being a consolidated and most precise method for measuring distances between natural satellites. It would be very interesting if we could compare the performance of both methods in an equal basis. Indeed this is possible because, in a broader sense, any mutual occultation is always contained in a mutual approximation. The only drawback is that the same set of useful observations to be fitted in mutual occultations, when the satellites are too close together, is exactly the set that must be discarded in the mutual approximations, and vice-versa. Even so, this still makes an interesting comparison, because the instrumental and astronomical observational conditions are quite the same, and the independence of the observational sets has a relevance of its own. Here we compare the results derived from the mutual approximations with the results of Arlot et al. (2014) and the NOE-5-2010-GAL ephemeris. The comparison is displayed in Table 7 . As shown in Table 7 , the results for the mutual approximation method agrees with the results of Arlot et al. (2014) and the NOE-5-2010-GAL, within the errors. This highlights the strength of mutual approximations.
Mutual approximations in the observations of Jupiter's 2014-2015 equinox
The results for the mutual phenomena campaign of 2014-2015 are still being processed. However we list here the central instant for the mutual approximations derived from the observations before and after the mutual phenomena themselves. These results can be used, in the near future, for comparison with the results from the mutual occultations of this campaign. It is important to stress that, for this scenario, the precision of the mutual approximation results is below its capacity, once we will always have an absence of points around the central instant.
These results are shown in Table 8 , where we list the central instant and its error obtained from our analysis for 22 mutual approximations and the comparison with the ephemeris, similar as in Table 4 7 CONCLUSION
In this paper we presented a method to measure the central instant in an approximation between natural satellite pairs. Instead of being restricted to the particular configuration of mutual occultations -which only occur during the equinox of the central planet -in mutual approximations (as we call the method) we can make observations every time when the satellites don't cross each other in the sky, but rather approach each other up to a minimum apparent distance, which is at least larger than the sum of their radii, or in practice larger than the seeing -a special geometry that recurrently occurs for natural satellites. In this method the relative motion of the satellites is essentially described by the same geometric parameters as in a mutual occultationcentral instant, impact parameter and relative velocity. But only the central instant can be truly determined independently of any reference system, and so we consider it the main result of the method. Here astrometry is the technique used to directly measure typically very short distances (less than 85") with very small errors due to the precision premium, while differential photometry is the technique used in mutual phenomena.
We successfully applied the method to the Galilean moons using CCD observations made in 2014 and 2015. We compared ours results with the ephemeris NOE-5-2010-GAL from IMCCE. Using old observations from the 2009 equinox of Jupiter, we also compared the performance of mutual approximations with published mutual phenomena results from that campaign.
The frequency of these approximations depends only of the orbital period of the satellites. In the case of the Galilean moons, a couple of days or so. Because there is no need of Note. The impact parameter, d 0 and the relative velocity vr of the mutual approximations. The columns ∆ are the comparisons between the observations and the ephemeris parameters, here the N OE − 5 − 2010 − GAL from IMCCE plus DE430, derived from Lainey et al. (2009) , in the sense "observations minus ephemeris". For each event, we have the day, month and year, the satellites designated by their initials (capital letters), where 'a' stands for approximation. The Pixel-scale, Ps, determined with the ephemeris is, also, listed. In the Id. column 1 stands for "Group 1 mutual approximations" and 2 stand for " Group 2 mutual approximations". Arlot et al. (2014) is smaller than the errors of the central instant of the mutual approximation, and has the same order that the difference between Arlot et al. (2014) and the ephemeris.
reference stars for the astrometry even small telescopes can be used. Because the events may last for hours there is no need of a high cadence in time between the images, even tens of seconds would be ok.
The mutual approximations extend the possibility of obtaining relative distances with precision of a few mas, to periods where there are no occultations or eclipses. This means getting a relative position with an error about 10 mas for every observed event along the visibility period. In the case of the Galilean moons we obtained a precision of 0.56 seconds for the central instant when the whole approximation curve of distances was observed and a precision of 1.52 seconds for the central instant when there were gaps along the curve or around the central instant.
The high precision results obtained in this work for the Galilean moons benefited from: (i) the precision premium from very small field astrometry; (ii) from the use of a narrow band filter centred in a methane absorption region, eliminating the scattered light of Jupiter (this filter was also used in the reported mutual phenomena observations); (iii) the use of an adequate telescope/detector/exposure configuration set, allowing for imaging the satellites with high S/N (signal/noise) ratios, but avoiding saturation.
The instrumental distortions due to the non flatness and non parallelness of the filter and the CCD cover glass, and their distance from the CCD chip affect the global reduction of the entire FoV of the CCD to some extent. However, due to the very small distance between both satellites (smaller than 30 arc seconds) these distortions can be neglected here.
The error in the measurement of the centroids, and thus of the distances, due to the effects of low/high albedo regions in the surface of the satellites, is presently unknown. However, taking the surface illumination resulting from the solar phase angle geometry as an extreme example, and using the relations in Section 4, we find that we need nearly a 5 degrees phase angle to change the photocentre by 10 mas. This corresponds to a zero albedo circular region of 100 km radius. Indeed, craters or volcanoes in many of the Galilean moons are features of this size (Faure & Mensing 2007) . However, they represent a variation of only 0.1 in the Note. Same as in Table 4 .
surrounding surface albedo. So, in principle, at least for the Galilean moons, this effect can be neglected. In the special case of Io, the volcanoes can affect the centroid for infrared observations in wavelengths such as 3800 nm, as can be seen from Descamps et al. (1992) . However in the same paper, the authors obtained a lightcurve observed in Pic du Midi at 800 nm for comparison purposes, but in this wavelength the effect of the volcanoes could not be observed. Since our observations were made in the same wavelength (889 nm), we conclude that these effects can be neglected in our images. Mutual approximations is a simple, efficient and suitable method for small telescopes. It can be used to continually furnish high precision central instants that can be used to strongly constrain orbit fitting. Ultimately, mutual approximations will significantly contribute to the improvement of the orbits of natural satellites, including the consideration of weak interactions like tidal forces.
